THE GOAL of this paper is to study topological and analytic invariants of a smoothing of an isolated singularity, with applications to the moduli space and smoothability criteria.
(2) (Deligne[7] ). If V is a curve, then any smoothing component of the moduli space has dimension 36 -r(ed@,), where V = normalization of V.
(3) (Durfee[9] , Laufer[201) . If V is a hypersurface in C3, then p and the signature a(F) may be computed from resolution invariants (for the formulas, see, 3.15).
Thus, for a curve xr(F) and the dimension of a smoothing component ( = p) are independent of the smoothing; and Laufer's method suggests that for a Gorenstein surface, x7(F) is independent. On the other hand, consider the cone over the rational quartic curve in P4; there are smoothing components of dimensions 3 and 1, giving Milnor fibres with CL = 1 and 0, respectively. Our results suggest that for a normal surface XT(F)-(Y and p -2c~ depend only on V, not on the smoothing. So, the smoothing components of a Gorenstein surface should have the same dimension.
The formulas we give are valid if the smoothing 7r: V+ T globalizes in the following sense (see 3.1.1):
(G) There is a compact analytic space Y containing V and non-singular elsewhere, and a (proper) smoothing C!/+ T inducing r.
This assumption allows one to use the Riemann-Roth Theorem to compare cohomology on Y,, Y, and a resolution J? of Y; our method is a variant of the one in [7, 20, 231 , and yields more or less uniform proofs of results (l)-(3) above. We prove in Theorem 3.3 that (G) is valid if either: V is a complete intersection: V is a two-dimensional cusp for the Hilbert modular group[l4]; the smoothing is determinantal or Pfaffian; V has C*-action and n has negative weight. 
(G) -(XT(F) -XT(E)) -r (c) P = h'(h) -14h'(G) +2(x2-(F) -XT(E)).
COROLLARY. Let V be a complete intersection or Gorenstein of codimension 3, and write wx = Ox( -Z), some Z. Then (b) the difference in dimensions of two components is even.
(These results are in 83 and 04.) We also prove (Theorem 3.20) that for an Artin component smoothing of a rational singularity, (Y is "as large as possible"; in particular, it is never 0 once mult V 2 4. Now suppose V has a C*-action. Greuel has proved[lll that if V is a complete intersection (of positive dimension), then p = dim T,'. We conjecture (4.7) that for a Gorenstein surface with C*-action and a smoothing r: "cr+ T, u = dim (smoothing component of 7~). We prove this (Theorem 4.10) assuming globalization and the conjecture about /?; hence we give another proof of Greuel's complete intersection result in dimension 2. This proof is hard, and uses Hochster's work on the ZariskiLipman conjecture.
In [20] , Laufer suggested that a criterion for smoothability for a Gorenstein surface might be 12h'(&) + /yr(E) + z * z 2 0, i.e. (assuming the formula) xr(F) 10. In fact, the "correct" version should be CONJECTURE (5.2) . For a smoothable Gorenstein surface, lOhl(0,) + xT(E) + Z . Z 2 1, i.e. XT(F) L 2h'(ox)+ 1.
The point is that b,(F) should be 0, and F~S. IL+ = 2h'(Q) (where we consider the intersection pairing on H,(F)). We prove the conjecture for smoothings of negative weight, thus recovering a theorem of Pinkham[27] concerning negative smoothability of a special class of singularities (5.5). We can also prove the result for a cusp.
THEOREM (5.6). Let V be a two-dimensional cusp, of multiplicity m, and with r exceptional curves in the minimal resolution. If V is smoothable, then

mrr+9.
We give examples of smoothable cusps with m = r + 9, for arbitrarily large m (5.9.4), by taking cyclic quotients of hypersurfaces;
we had previously proved [35] V is smoothable if r > m* -m. The smoothable cusps with m = r + 9 give counterexamples to a conjecture of Durfee [9] that the signature of F is I 0.
The quotient construction mentioned above also gives examples (4.9.2) of smoothings of rational singularities for which CL = 0; thus, F is a rational homology ball. The boundary of F( = link of V) is thus a compact 3-manifold bounding a rational homology ball. We construct a triply-infinite family of such links; this is (part of) a triply-infinite family recently discovered (independently) by Neumann[25] , using differential topology.
The paper is organized as follows: 01 gives the basics on the Milnor fibre. The case of smoothings of negative weight is considered in 02, especially plethora of interesting examples arising from projective non-singular varieties via taking cones. We derive formulas for the invariants in 43, assuming globalization hypotheses, while 04 considers dimensions of smoothing components. Some examples are constructed in 05, and smoothability criteria are discussed. In 06 we prove that certain kinds of smoothings can be globalized. The appendix gives a simple but useful way to compute how "duals fail to lift under deformation", important in finding bounds for (Y and p.
GENERALITIES ON THE MILNOR FIBRE
(1 .l) Let V be a reduced complex algebraic variety (or local analytic space) of dimension n, with isolated singularity at o. Denote by R the local ring of V at o. A smoothing is a flat morphism 7~ : 'if -+ T of local spaces, plus an isomorphism n-'(o) 7 V, such that n-'(t) = b', is non-singular for tf 0; we may as well assume T is a disk or the spectrum of a discrete valuation ring. Choose a local embedding V C CN, and a small e-ball B, so that "zr intersects S, = JB, transversally; then B, n V, = F is independent (up to isotopy) of small E and t# 0, and of the embedding of Sr ([21,23] ). We call F the Milnor fibre of the smoothing; it is a real compact 2n-manifold with boundary aF = K, the link of V. Note F is diffeomorphic to F -aE (1.2) If f : Cc+' + C is a polynomial with isolated critical point at the origin, then f is a smoothing of the hypersurface V = {f = 0). Milnor proved[23] that F has the homotopy type of a bouquet of n-spheres, p in number; the module H,,(F; Z) = ZP contains the vanishing cycles. In particular, the betti numbers b;(F) equal 0, i# 0, n. Hamm[l2] proved the analogous result for smoothings of a complete intersection.
(1.3) In the setting of (l.l), F always has the homotopy type of a finite CWcomplex of dimension I n. This follows by the Andreotti-Frankel proof of the Lefschetz theorems using Morse theory ([I]; see also [23] , PS). In particular, all cohomology vanishes past dimension n. For an algebraic proof of the vanishing of (Ctale) cohomology in this range use SGA VII, Expose 1[6].
(1.4) From now on, consider only real homology and cohomology. Lefschetz duality asserts that cup product gives a perfect pairing = 0, i > tt. N'(F, aF) 
Hi(F) x Hzn-"(F, aF) + Hzn(F, aF) = R.
Therefore,
Hz"-i(F, aF) = Hi(F).
BY (1.3),
H'(F) = Hi(F)
The long exact sequence in cohomology then yields
Let us define finally CL = b,(F).
(1.5) If n is even, the intersection pairing on F is a symmetric bilinear form on H,(F) defined via
H=(F, aF) x HyF, aF)-+H"(F) x HYF, aF)+H*"(F, aF).
Let cc,,, p+, and 1_1_ denote the number of O's, + l's, and -I's in the real diagonalization of the form. We denote the signature by D = p+ -p_. It follows from the long exact sequence in cohomology that
We offer the CONJECTURE 1.6. If V is normal, then b,(F) = 0.
Remarks (1.7.1). Aside from the complete intersection case mentioned earlier, the conjecture is true in the following cases:
V has a C*-action, and the smoothing has negative weight (2.2, below) (c) V is a two-dimensional cy.
Looijenga-to appear).
On the other hand, r,(F) may be infinite (2.6.1).
(1.7.2) In (2.7), we give a Gorenstein, rational, 3-dimensional singularity in C' with b,(F) = 2, b3(F) = 1. Presumably, one needs depth conditions on the Cl: to get more vanishing betti numbers of F.
52. SINGULARITIES WITH C*-ACTION (2.1) V is called weighted homogeneous if it has a good C*-action; equivalently, V = Spec A, where A is a (positively) graded ring. So, V is defined as an affine variety by weighted homogeneous polynomials (fi}. We assume V normal, of dimension 2 2. There is a natural compactification I7 = Proj A [t] , where t has weight 1; v -V = I? = Proj A is a Weil divisor "at a", and v and l? are normal, with only cyclic quotient singularities (see [27] , 82, for this and the following). A smoothing "Ir+ T has negative weight if Y is defined by adding to each fi terms of weight no bigger than that of fi. Such a smoothing induces a projective deformation p+ T of p. Since A is normal, then F-, T is locally trivial near 8, so the singularities can be simultaneously resolved. This gives a projective deformation 9+ T of Y, a desingularization of e along 8; thus V C Y, Y -V is a union of non-singular divisors, intersecting transversally, and Y is non-singular along Y -V. Note these smoothings give deformations of the whole affine variety V. 
(This proves V, = E) For, with E' < E and t small, Next, complete the family to a deformation 9+ T of Y, as above. Then Yt -V, is a divisor C,, which is topologically the same for all C. We assert that Since H2"-2(C,)70H2"-2(C,,i), where C, is the union of smooth irreducible divisors Cr,i, it is not hard to see that the surjectivity of (Y is equivalent to the independence of the classes [C,,i] E H2( Y,). But homological and algebraic equivalence coincide for divisors (e.g. [lo], p. 462); and H'(&,) = 0. (2.23), algebraic equivalence is linear equivalence mod torsion. Therefore, a homological equivalence relation on the Ct,i's would give a non-trivial linear equivalence relation on them; thus, there is a non-constant rational function f on Y, whose zero and polar divisors are contained in C,. Since Y, + v, is birational, f is a function on v, with zero and polar divisors contained in the irreducible Weil divisor I?,. This is impossible if f is not constant (V, is normal). Therefore, the map Q is surjective, whence (2.2.5) and the Theorem. Let "I'= Spec @7(X, Q(mC)), t E r(X, ox(C)) the section defining C, and m: Y+ Spec C[t] the nitural map. Then n is a smoothing of negative weight of V = cone over C (see [26] , p. 46). Geometrically, assuming C&(C) is very ample and projectively normal, 7~ is constructed by moving a hyperplane through the vertex of the cone "v We give some examples based on this construction. (2.6.3) Using the work of Pinkham[27] , one can prove a stronger result than (2.5) for surfaces with C*-actions (and not just cones).
Example 2.7. There is a 3-dimensional rational, Gorenstein, C*-action singularity with a Milnor fibre F for which b,(F) = 2, b,(F) = 1.
Proof. Let X = P' x P' x Pi, L = 0,(l) @ 4(l) @ &(l) the natural very ample line bundle. Let SC X be a non-singular surface with B,(S) = L. It is not hard to show that (i) S is P' x P' blown-up at 2 distinct points of the diagonal .
(ii). 0,(L) = I&-', and is very ample.
Using the construction of (3.4), let t E T(X, L) define S; then
gives a smoothing of The result follows.
$3. FORMULAS FOR XT(F), a(F) AND fi
(3.1) If r : V+ T is a smoothing of V with Milnor fibre F, we seek formulas for the topological Euler characteristic xT(F) (and, if dim V is even, the signature u(F)) in terms of invariants of some resolution f :X+ V. The method below is a strengthening of earlier work ([7,20,23] ), and applied whenever the family 72 globalizes in the sense of: (3.1.1) There is a compact analytic space Y, with one singular point P, at which Y is locally isomorphic to V; and a proper smoothing '9+ T of Y which induces "cr+ T.
(3.2) That is, V can be "completed" to a compact Y with no other singularities, and the deformation of V can be realized as a deformation of Y. If Hz(&) = 0, this second condition is automatic, since by obstruction theory local deformations can be patched globally (we give a proof of this more-or-less well-known result in 6.4 below). We know of no examples where (3.1.1) fails, but it is generally hard to produce 9 from "Ir. We do have Therefore.
x(S,) = x(G) -6.
Y is the disjoint union of non-singular curves. By Riemann-Roth,
Also, f-'(D) is the disjoint union of r contractible curves, so xd_fW)) = r.
Finally, by semi-continuity, x(Br,) = x(0,). But p = 1 -xT(F); plugging the above formulas into (3.5.3) gives the result.
(3.7) Assume for the rest of $3 that V has a normal surface singularity, with local ring R = &. For a family 9+ T, recall one has the sheaf of relative dualizing differentials ugrlT ([22,35] ); it is flat over T, and induces wy, on each fibre. (If V is Gorenstein, 09/r is invertible.) The dual w& is still flat over T, and induces o*yr for t # 0; but in general, the inclusion has a cokernel of length a 5 I (Ext,'(w, R) ). (Collary A.2 of the appendix.) Recall the smoothing is said to be o*-constant iff cy = 0 (automatic if V Gorenstein). By semi-continuity, for t # 0, (3.8) Although a&,, need not be T-flat, its dual &,r certainly is, and induces 8, for tf 0. As before, using Corollary A.2, the inclusion will have a cokernel of length p I I(ExtR'(&', R)) = I(T,'). See 04 for more discussion of p ; in particular, we show I( TRz) = 0 implies /3 = I( TR').
Again, for t# 0, Computing from (b), using xT(E) = 1 -b,(E) + r, gives the result.
Remarks (3.14.1). The whole point of (c) is Conjecture 4.2 below, which asserts /3 is the dimension of the irreducible component of the moduli space of V on which the smoothing v lies.
(3.14.2). The formulas assert xdF)=( )+a
where the terms in parentheses depend only on V (and not on the smoothing). Thus (Y, which is a priori an analytic invariant, depends only on the topology of the smoothing, hence is the same on a smoothing component of the mod&i space. In particular, according to the formulas, if one smoothing is o*-constant, so are all smoothings on the same irreducible component. Note all formulas here are independent of the smoothing. We claim (*) is an isomorphism for all n 10; but this follows because the X-U depth of w@+ is 12 (this complement is a curve, and X is normal). So, has depth 2 2 for all n 2 0. The natural surjection therefore gives
H,'(w$$) = 0, n 2 0.
By local duality, Extk(W@r, wV) = 0, n 2 0.
But WV is (non-canonically)
isomorphic to ovr, as they have depth 2 2 and are isomorphic on U (since or is free). Thus, where u = I(Coker H'(X, Rx') -+ H" (X -E, a,') ) is the number of conditions on a l-form on X -E that it extend holomorphically over E. Recall /3 = dim 7"' in these cases.
(3.2.
3) The same method of proof as above yields formulas for p and u in the higher-dimensional case, especially for hypersurfaces ([2,36] ). One compares x(flP) on I',, Y, and X, using the de Rham lemma to give flatness of (most) n&r over T; then use that in dimension n, 
%4.THEDIMENSIONOFSMOOTHINGCOMPONENTS
(T,') -I(T,2) and /(TV').
A component Si of S* is called a smoothing component of V if the general fibre of g/*+ S* over Si is smooth; by local versality, Si is generically smooth. Any oneparameter smoothing 'If-* T "lies on" a unique smoothing component. As in (3.8), there is an inclusion whose cokernel has finite length p. 
2) dim S, = h"(Ny,)-h'(N;).
Choose a one-parameter smoothing 9+ T in H, (or mapping finitely onto H,); let Y, C P be the generic fibre. Define a sheaf X on 8 by X is flat over T, being contained in the torsion-free (dual) normal sheaf NqlP; Jlr induces NY, for t # 0. Tensoring Proof. Since a curve can be globalized in the sense of (4.3.c), by the theorem we need only compute p for a one-parameter smoothing. Using the notation of (3.6) and the technique of (3.7~(3.12), we write
x(&J = -3x(&,) X(OP) = -3x(0p).
Note BY C &, since derivations extend to total quotient rings in characteristic zero; naturally, x(W -x(er) = I(eR/e,).
From the semicontinuity theorem, x(ey) -x(8,) = P.
Putting everything together gives Deligne's result. Remarks (4.7.1). The formula (4.6.2) for a hypersurface was found independently by S. S.-T. Yau.
(4.7.
2) The formula (4.6.1) implies that for two smoothing components, dim Si -dim Si is even.
(4.7.3) For a rational singularity, (3.18) and (4.6) imply the Artin component has maximal dimension among the Si; we have proved this for the quotients and, more generally, for singularities with C*-action all of whose deformations have weight 5 0. This was conjectured by Riemenschneider in some cases. In fact, using Riemenschneider's calculation of I(T,') for cyclic and dihedral quotients ([28,29] ), one can prove that in these cases the Artin component has larger dimension (by at least 2) than any other component. (4.8) It is obvious that for a hypersurface V, p 2 r = dim T', with equality if V has a C*-action. The generalization of this second fact to complete intersections is not at all trivial, and was proved by Greuel[l I] . We offer the where ox = Sx( -2). Excluding the case of rational double points (which is easily verified), we may assume the graph is star-shaped, with a central curve E, and (outer) rational curves Ei, i L 2. (We work with a non-minimal resolution if E, * E, = -1, El rational, but this does not matter.) Recall the rank 2 vector bundle on X defined by Also, the C*-action gives rise to a derivation D in 9v, hence in 0, (D = Caixi (a/ax,), ai's = weights). In fact, a local check shows D E HO(S), and there is a exact sequence (4.10.2) of vector bundles on X. One also shows easily
where E is the (reduced) exceptional fibre. Note E I Z, since we exclude rational double points. A subtle but important fact is that the cohomology map from (4.10.2) (4.10.3) H0(A2S) + H' (0,) has image of dimension exactly 1. Assuming this for a moment, we deduce
Back to (4.10.1), it now suffices to prove
But this is a straightforward computation, which we leave to the reader. Returning to (4.10.3), compare the map with the one arising from tensoring (4.10.2) with C&:
But h"(C&(Z -E)) = 1, as follows from Thus, the map (4.10.3) has one-dimensional image, or is the O-map. But the latter possibility gives
O~H'(~,)~H'(S)-,H'(~,(Z-
whence OR is free; but this contradicts the Zariski-Lipman conjecture in the graded case[l5].
Remark (4.11).
A more careful analysis of (4.10.4) actually proves the ZariskiLipman conjecture in dimension 2 (graded case). Note one has an exact sequence (dimension 2, Gorenstein, graded)
6+R
:$-R+Rlm =C+O,
whence $ requires at least e generators as an R-module. P+ + PO = 2h'(f%).
The "correct" form of (5.1.1) should therefore be (5.5). Therefore, a Gorenstein singularity with C*-action cannot be smoothed negatively if
This gives a theorem of Pinkham ([27] , Corollary 6.14) when applied to a certain class of singularities (e.g. Dolgachev singularities); his proof used that, after globalizing, a nearby smooth fibre is a minimal K-3 surface.
THEOREM 5.6. Let V be a cusp for the Hilbert modular group, of multiplicity m, and with r exceptional curues in the minimal resolution. 1j V is smoothable, then mIr+9. Proof. For a smoothing, p > 0 (4.3.a) ; since cusp deformations can be globalized (3.3.c), this inequality may be written (3.15.3)
A cusp is minimally elliptic [40] If j is weighted homogeneous, then B = C[x, y, z, t]/t -f is non-negatively graded, hence so is apG; the induced deformation of V is therefore of negative weight, whence Theorem 3.13 holds. In the following examples (of F and G), the structure of V is found by examining the action of G on a resolution of H. Examples (5.9.1) ([35] , 2.10) Let 0 < 4 < n, (q, n) = 1, and f = xz -y". The cyclic group of order n acts via [w, wq, w"-' 1, where o is a primitive nth root of 1. Then V is the (n', nq -1) quotient singularity. As xr.(FH) = n, xr(F) = 1; thus, p = 0, and F is a rational homology ball. (JF is a lens space which is well-known to bound such a manifold.) This l-parameter smoothing is an irreducible component of the deformation space of V, since 03 and 04 yield p = 1.
(5.9.2). Let f = xyp + yzq + zx'; then f is weighted homogeneous, with CL = pqr. Let o be a primitive Nth root of 1, where N = pqr + 1, and let G act via T = [w, oq', cd"-']. As xr(&) = N, the quotient V again has xT( V) = 1, so F = 0. In particular, F,IG is a rational homology bail bounding the link of V (actually, this case includes 5.9.1). V is a rational singularity with graph (if p, q, r 2 2, and where unmarked dots are -2 curves):
Again, the smoothing is a full component of S*. This triply-infinite family of compact 3-manifolds bounding rational homology balls is part of a triply-infinite family discovered recently (and independently) by Neumann[25] using techniques from differential topology.
(5.9.3). In the last example, let p = q = r = 3 (the cone over the Klein quartic), and S = T4. Dividing by {S} gives the Dolgachev singularity V = Tr (6, 6, 6):
Note ~=3; as p0+p+=2, o=p+-p-= 1, we deduce p0 = 0, CL+ = 2, I_L-= 1. That the signature is positive contradicts a conjecture of Durfee ([9] , 5.2).
(5.9.4) Let e be a'primitive trth root of 1 (n h 3). Consider the cyclic group generated by T = [co, w', cob], where (a, n) = (b, n) = 1 and a + b + 1 = n (so, n is odd). Let f = xyz + x" + y" + z". Globalization applies to the smoothing f = t and the quotient, since f = t is a deformation in the negative part of the versa1 deformation of x"+y"+z" = 0. The quotient V is a cusp with CL = 2 and (5.6) m = r + 9. In fact, IL+ = p. = 1, p_ = 0, so the intersection pairing is positive semi-definite. X' is allowed to have rational singularities. As h'(Qr) = 0, the o*-constant deformations of X' blow down to deformations of V. Perhaps all deformations of R arise this way.
96. GLOBALIZABILITY (6.1) In this section we prove globalizability results in the following cases: determinantal (6.2); Pfaffian (6.3); H*(8) = 0 globalization (6.4); cusp for the Hilbert modular group (6.5); and quotient singularity (6.6).
THEOREM 6.2 (see [ 181). Let V be an isolated determinantal singularity, defined by the t x t minors of an r x s matrix (fij) of formal power series, with 2 5 t 5 r I s. If dim V < s + r -2t + 3, then V is smoothable determinantally, and such a smoothing may be globulized in the sense of (3.1.1).
Proof. Let e = emb dim V; then it is well-known that . e -dim V = (r -t + l)(s -t + 1).
As the singularity is isolated (hence algebraic), one may assume there is an integer N so that (i) the fij are polynomials of degree < N (ii) addition of monomials of degree L N to the fii (which automatically gives a flat deformation of the singularity) leave the singularity unchanged.
Thus, V is now an affine variety, giving the original singularity at 0, but possibly with other singularities.
Let M be the number of monomials of degree N in e variables, T = PM, and V+ T the morphism defined by the t X t minors of (F$) = cfii + tij)XIN + . . . + tir'"X,N). By construction, there is a section u : T + 'If (given by xl = . . . = x, = 0) landing in the singular locus Sing (7'9, along which "1' + T is formally trivial. Denote by Dk C T x C' the subscheme defined by the k x k minors of (fij). So, D, = "u; Dk C Dk+,, and we may assume a(T) C D1 (i.e. the fij all vanish at 0). We assert (6.2.1) Sing (Dk+,) C Dk, i I k I t -1 (6.2.2) Dj -a(T) is non-singular, of dimension e + rsM -rs
For (6.2-l), we pick a point I of Dk+, -Dk, and show Ok+, is non-singular there. We may as well assume the upper left hand k x k minor G = G(X, tf') is invertible at z; note 15 i, j I k. Let gap be the (k + 1) x (k + 1) minor obtained by adding row a and column p to G (note k + 1 I Q I r; k + 1 I p 5 s). Since G# 0, some Xj# 0, say x1. Therefore, g,, = t$xING + (terms involving no tj!', i and j 2 k + 1).
Applying the Jacobian criterion to the {gas}, differentiated with respect to the {tap}, k + 1 I a 5 r, k + 1 I p 5 s, gives that the dimension of the Zariski tangent space of &+, at 2 is dim T"k+,,z I e + rsM -(r -k)(s -k).
However, since Q+, is defined by determinants, it is well known that dim Dk+l,l 2 e + rsM -(r -k)(s -k).
Therefore, Q+, is non-singular at I, of the given dimension. This gives (6.2.1); and (6.2.2) is similar, but easier. Therefore, every component of Ok+, has dimension less than or equal to the asserted value, whence (6.2.3).
In particular, with k = t -2
But e-(r-t++)(s-t+2)=dim V-(s+r+3-2t)<O, by assumption. Therefore
It follows that over a non-empty open set T' of T, v -(T(T)
is non-singular; we can further assume 'V'+ T' is flat, of constant fibre dimension. By Bertini's theorem (see, e.g.
[33], 2.8, for a simple proof of a strong version), the generic fibre V, is an affine determinantal variety, non-singular off the one point at which it is isomorphic to V. Similarly, homogenizing the fij (or Fij) by addition of a new variable x0, and dehomogenizing by setting some Xi = 1, one obtains Y, C P', a globalization of V (or V,) which is non-singular off a(t), and which is projectively determinantal.
We may suppose now V = V, has isolated singularity and globalizes to a Y as above. Form Y as above with M = 1 (i.e. consider (& + tii)). The same argument given before shows this yields a smoothing of V for generic t, and it certainly globalizes by construction. This completes the proof. Proof. Left to the reader; there are obvious variants to the arguments given in the proof of (6.2). Proof. Let Def Y, Def P be corresponding (convergent) moduli spaces, [37, 38] .
There is a natural morphism 0 : Def Y + Def P ; if Cp is smooth (which can be verified formally), then deformations of P can be globalized. We claim Q, is smooth if H'(fl,) = 0. For, let {U} be a Stein covering of Y with P E U,, PE Q(i > 1); let {a} be a lifted Stein cover of an infinitesimal deformation Y of Y over some Artin ring A.
Let A'+ A be a surjection of Artin rings with one-dimensional kernel. Let U; -P a, be a lifting over A' corresponding to a given further deformation of P. Lifting the Dj arbitrarily to some U:(i > l), the deformations are isomorphic over Di n oi; to patch to a global deformation of Y (i.e. to get compatibility on triple overlaps), there is an obstruction in Hz(&) (see [41] , p. 31). The claim follows. (tT*ep2)G c ey (6.6.2) (r*gz)' is a direct summand of p*&z.
Since H*(&z) = 0 and w is finite, (6.6.2) gives H*( Y', (7r&&.z)G) = 0; since the cokernel of (6.6.1) is supported along the curve at 03, it follows that Hz(&) = 0. Letting Y + Y' be the minimal resolution of the singular points at 00, we immediately deduce Hz(&) = Hz(&) = 0 (use Leray). Remark (6.7) . More generally, one can prove (6.6) for a rational V with C*-action, all of whose deformations have weight ~0; however, we omit the proof.
